We determine new excitation spectrum of the generator associated with the relaxation rate to equilibrium in weakly coupled stochastic Ginzburg-Landau models on a spatial lattice Z d . The spectrum has a quasi-particle interpretation. Depending on d and on the specific interaction, solving the Bethe-Salpeter equation in the ladder approximation, we show the existence of a stable particle above the upper envelope of the two-particle band, possessing a concave dispersion curve. This result furthers our knowledge about the spectrum of the stochastic dynamics generator.
Introduction
We determine new excitation spectrum of the generator associated with the relaxation rate to equilibrium in weakly coupled stochastic lattice Ginzburg-Landau (G-L) models. Such models can be used to describe the evolution of an order parameter in statistical mechanical systems [1, 2] . Recently, much attention has been paid to understand the quasi-particle structure of the stochastic dynamics generator in these models [3, 4, 5, 6, 7] . In these works, the picture of a massive particle and a bound state below the two-particle threshold (the bottom of the first band) was established, depending on the space dimension d, and on specific conditions on the interaction. In the present report, we show the existence of a stable particle above the top of the first band, with a concave dispersion for small momentum.
The Model and Results
We consider a lattice of unbounded real continuous spin variables ϕ( x), x ∈ Z d . For time t ∈ R, a stochastic dynamics is introduced by a Langevin type equation
where ψ( x) is some initial condition, A is the system action and {η(t,
is a family of Gaussian white noise processes with expectations E(η(t, x)) = 0 and
e i is the unit vector along the ith coordinate; P is an even polynomial of degree 2N , bounded from below and starting with a quartic term; m > 0 and λ ≥ 0. The dynamics introduced by (1) for the Markov process ϕ(t) = ϕ(t, x) is associated with a Markov semi-group and leaves invariant the Gibbs probability distribution dµ = e −A(ϕ) dϕ/normalization defined by the action (2). Precisely, the time evolution of any function f of the spin configuration ϕ( x) is given by f t (ψ) = E(f (ϕ(t))), with ϕ(t = 0) = ψ( x). It follows that f t is determined by the Markov semi-group exp(−t B) with generator B, for f = f ({ϕ ( x)}), given by
The spectrum of B is related to decay rates of correlation functions of an imaginary time quantum field theory through a Feynman-Kac formula (see [6, 7] ). Rather than analyze the spectrum of B, it is suitable to consider the unitarily equivalent Schrödinger Hamiltonian
commutes with H, which is additively renormalized so that its spectrum is positive and starts at zero. We analyze the joint spectrum of H, P where P is the momentum.
The above infinite lattice formulas are formal. In [7] , it was rigorously shown how to define them starting from the finite-lattice finite-time model and then taking the thermodynamic limit using a cluster expansion.
For λ = 0, we have a quasi-particle interpretation for the spectrum. Spectral points are denoted by (E, p),
d , and (E, 0) is referred to as a mass. In addition to the vacuum (0, 0), we have a quasiparticle energy-momentum (e-m) spectrum
e. the energy-momentum spectrum of n non-interacting quasiparticles with total momentum p. For n = 2, the spectrum corresponds to a band. For instance, for d = 1, the band has lower envelope E To see what is known for λ > 0, we first observe that the imaginary time quantum field theory associated with the model is Gaussian for λ = 0, and has covariance [−d
. As in [6, 7] , the G-L interaction in (2) is taken as P(ϕ) = N n=2 a n (2n)! : ϕ 2n :, with a N > 0 and : : meaning the Wick order with respect to the above covariance. With this, first within the ladder approximation in [6] and then analyzing the complete model in [7] , if m is fixed large and λ chosen sufficiently small, it is shown that a quasi-particle persists
. The mass spectrum up to the two-particle threshold mass 2E λ ( 0) was also determined.
Here we consider the mass spectrum in the region between the first and the second bands. In the ladder approximation, and for a 2 > 0 and d = 1, 2, we find that there is mass spectrum M a above and close to the mass of the upper envelope of the first band. Moreover, for small | p|, we show that the associated dispersion curve for this interband state is concave while that of the bound state below the first band is convex. The results are depicted in Figure 1 . 
Spectral Analysis
To obtain the above results, we recall from [6, 7] that the e-m spectrum associated with the two-particle states occurs as a k 0 singularity in the Fourier transform of a partially truncated four-point correlation expressed in terms of mixed relative coordinates (relative temporal center of mass coordinates and relative spatial coor-
where, letting S λ denote the two-point function for the interacting model, 4 ) is the four-point function.
The action ofD λ on functions f (p), with dq meaning
and similarly forD 0 λ andK λ . The determination of the spectrum in [6, 7] above the one-particle state and below the two-particle threshold is restricted to total momentum k = 0, i.e. only to mass spectrum.
, where λ L is called the ladder approximation to K λ . Using the symmetries of
and has rank two. For f (p) depending only on p, we have
and
Thus, we can write
where
Now, recalling from [6, 7] that k 0 singularities of (4) are points in the e-m spectrum, we determine the k 0 singularities of G( p, k) and g( p, k), for Im k 0 ∈ 0, 3m 2 /2 . From [6, 7] ,S λ (p) has the representatioñ
where c λ ( p) = 1 + O(λ 2 ) and dη has support on odd states with more than one particle. Then, performing the p 0 integration in (3), we obtain
From (5), we see that the k 0 singularity due to G( p, k) in (4) is the first band.
Concerning g( . , k), the k 0 singularities come from the zeroes of 1 − µ ± (k) where µ ± (k) are the eigenvalues of (2π) −(d+1) λL(k)D 0 (k) on the space of functions generated by constants and E( p, k). µ ± (k) are found to be
We now take k 0 on the positive imaginary axis and let it approach the lower envelope of the band from below (α, β and γ are positive) to obtain the bound state mass M b for µ + (k) = 1, for a 2 < 0 and d = 1, 2. Letting it approach the upper envelope from above (α, β and γ are now negative), µ − (k) = 1 gives us the mass M a for a 2 
Concluding Remarks
We have determined the interband e − m spectrum for dynamic stochastic lattice Landau-Ginzburg models with small polynomial interaction with equilibrium states in the single phase region. The determination of the spectrum in models with equilibrium states in the multi-phase region, critical models and models in the large noise regime are of interest.
